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In quantum information processing, one of the most useful interaction between qubits is the Ising
type interaction. We propose a scheme to implement the exact Ising interaction through magnetic
dipole-dipole interaction. Although magnetic dipolar interaction is Heisenberg type in general, this
interaction can bring about the exact mathematical form of the Ising interaction if qubit levels are
chosen among the highest magnetic quantum number states. Real physical systems to which our
scheme can be applied include rotational states of molecules, hyperfine states of atoms, or electronic
states of nitrogen-vacancy centers in diamond. We analyze the feasibility of our scheme for these
systems. For example, when the hyperfine levels of rubidium 87 atoms are chosen as qubits and
the distance of the two atoms is 0.1 micrometer, controlled-Z gate time will be 8.5 ms. We suggest
diverse search and study to achieve optimal implementation of this scheme.
I. INTRODUCTION
In every proposed architecture for quantum informa-
tion processing, one of the most important issues has
been how two-qubit entangling gates are realized [1]. If
there exists any type of interaction between qubits, in
principle the interaction can be used to implement a two-
qubit gate [2]. However, for practical purposes, the type
of useful interaction is restricted to narrow categories.
One of the most preferred is the Ising interaction, which
has the form of σˆ1z σˆ2z , because the Ising interaction
is mathematically simple so that one can easily design
and analyze various quantum gates. To our knowledge,
however, no realistic physical system provides mathe-
matically exact form of Ising interaction, but only some
effectively approximate forms of Ising interaction have
been reported [3]. For example, in NMR-based quantum
computation, Heisenberg interaction between two nuclear
spins is approximated to become Ising interaction by ig-
noring some extra terms in the magnetic dipole-dipole
interaction [4].
The purpose of this paper is to propose a novel scheme
that achieves a mathematically exact form of the Ising
interaction. We show that the magnetic dipole-dipole
interaction reduces to the exact Ising interaction with no
approximation if two levels of qubit are chosen among
the highest magnetic quantum number states.
The Ising interaction naturally gives a typical two-
qubit gate called controlled-Z gate. Achieving a
controlled-Z gate is very useful in the measurement-
based quantum computation [5–7]. In a 2-dimensional
arrangement of qubits all prepared in 1/
√
2 (|↓〉+ |↑〉),
controlled-Z gate operations between neighboring qubits
maximally entangle the entire system into a cluster state,
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which is the initial state for the measurement-based
quantum computation.
As specific examples to demonstrate our scheme, we
present analyses of three physical systems: (i) rotational
states of molecular ions trapped in an ion trap, (ii) hy-
perfine states of atoms trapped in an optical lattice or an
ion trap, and (iii) electronic states of nitrogen-vacancy
(NV) centers in diamond. The analyses show the follow-
ing results. The magnetic dipole moment of rotational
states of molecules is so small that the interaction time
to achieve the controlled-Z gate is too long to be real-
istic. If the ground hyperfine states of 87Rb atoms are
chosen as two levels of qubits, controlled-Z gate time will
be 8.5 ms given a distance of 0.1 µm. Two NV centers
separated at 10 nm can give the controlled-Z gate time of
3.6 µs, but the life time of the qubit state is only about
0.3 µs. These analyses imply the need of further search
for feasible systems.
II. CHOOSING QUBIT LEVELS
We first choose two highest magnetic quantum number
states to constitute a qubit. Angular momentum eigen-
states are expressed as |J,M〉, where J is the angular
momentum quantum number and M is its z-axis projec-
tion in the laboratory frame. M is also called magnetic
quantum number. Among |J,M〉’s, the highest magnetic
quantum number states |J, J〉’s are called directed an-
gular momentum states [8, 9] since their angular mo-
mentum directions are well defined along the z-axis. We
choose qubit levels among the directed angular momen-
tum states such that |↓〉 ≡ |J, J〉 and |↑〉 ≡ |J + n, J + n〉
where n is any nonzero integer such that J + n ≥ 0. As
will be seen later, this particular choice of qubit levels
allows us to achieve the exact Ising interaction through
magnetic dipole-dipole interaction.
If a quantum system has angular momentum, the sys-
2tem ordinarily has magnetic dipole moment ~µ propor-
tional to the angular momentum ~J with the relation
~µ = γ ~J, (1)
where γ is called the gyromagnetic ratio. Even though
the system is a composite system composed of several
subsystems, Eq. (1) is still valid if the subsystems are
strongly coupled within a small size. Internal individual
magnetic moment of each subsystem precesses rapidly (in
a semi-classical picture), and the average total magnetic
moment appears to be proportional to the total angu-
lar momentum. Since a qubit consists of two directed
angular momentum states whose angular momentum di-
rection is well defined along the z-axis, the direction of
the magnetic dipole moment is also well directed along
the same direction.
III. MAGNETIC DIPOLE-DIPOLE
INTERACTION
FIG. 1. (Color online) Magnetic dipole-dipole interaction in
a situation that the centers of two magnetic dipoles lie on the
laboratory z-axis and their distance is d. If qubits consist of
two highest magnetc quantum number states, the direction of
magnetic dipole moment is well directed along the z-axis.
We investigate in detail the magnetic dipole-dipole in-
teraction. Two quantum systems with magnetic dipole
moments can interact directly with each other. As illus-
trated in Fig. 1, we consider a situation that the centers
of two magnetic dipoles lie on the z-axis and their dis-
tance is d. By using subscripts a and b to indicate the
two dipoles, the interaction Hamiltonian for the magnetic
dipole-dipole interaction is given by [10]
HˆI =
µ0
4πd3
[
~ˆµa · ~ˆµb − 3µˆazµˆbz
]
= −µ0γaγb
2πd3
[
JˆazJˆbz − 1
4
(
Jˆa+Jˆb− + Jˆa−Jˆb+
)]
, (2)
where µ0 is the vacuum permeability, and Jˆ± are the
angular momentum ladder operators. In deriving the
second line of Eq. (2), Eq. (1) is used. Equation (2)
can be simplified further owing to our special choice
of the qubit levels. Because our qubit levels consist of
only the highest magnetic quantum number states, i.e.,
|J, J〉 and |J + n, J + n〉, the relation Jˆ+|J, J〉 = 0 =
Jˆ+|J + n, J + n〉 nullify the second term in the second
line of Eq. (2). This simplifies Eq. (2) into
HˆI = −ηγaγbJˆazJˆbz, (3)
where η ≡ µ0/(2πd3). In other words, Eq. (2) reduces
into an exact Ising interaction by the nullification of
raising operators in the Hilbert space made of only the
highest magnetic quantum number states. The form of
Eq. (3) is exactly the Ising interaction and is very attrac-
tive in quantum information science because it is conve-
nient to implement various quantum gates including not
only controlled-Z but also various controlled-phase gates
used in quantum Fourier transforms.
If the qubit levels were chosen not among the highest
magnetic quantum number states, the magnetic dipole-
dipole interaction would cause transitions between sev-
eral magnetic quantum number states due to the ladder
operators in Eq. (2). Such transitions would make qubits
leak into other magnetic quantum number states outside
the qubit Hilbert space and ruin the qubit manipulation.
Thus, it is this special choice of the qubit levels that
reduces the magnetic dipole-dipole interaction into the
exact Ising type.
If the qubits were of pure spin angular momentum
states where J is fixed, it would not be possible to achieve
the Ising interaction. For example, let us consider a
1/2-spin system whose qubit levels are |1/2, 1/2〉 and
|1/2,−1/2〉. In this case, because raising operator Jˆ+
cannot kill both states simultaneously, the second term
in the second line of Eq. (2) would not vanish. Thus,
Eq. (3) can arise only when J is plural. Note, however,
that the multiplicity does not have to be involved in or-
bital angular momentum states which have infinite num-
ber of J ’s. In other words, the multiplicity can arise in a
composite spin system. If one subsystem has spin j1 and
the other subsystem has j2, then the combined spin j
can have several values such that |j1 − j2| ≤ j ≤ j1 + j2.
Whenever one can choose two highest magnetic quantum
number states, our scheme works.
IV. CONTROLLED-Z GATE
A two-qubit entangling gate can be implemented
by the interaction Hamiltonian of Eq. (3). Since
we chose |↓〉 ≡ |J, J〉 and |↑〉 ≡ |J + n, J + n〉,
the computational basis of the two-qubit system,
{|↓〉a|↓〉b, |↓〉a|↑〉b, |↑〉a|↓〉b, |↑〉a|↑〉b}, are all eigenstates of
Eq. (3). To investigate eigenvalues, it should be noted
that the gyromagnetic ratio γ can have different val-
ues depending on the qubit levels. This is because,
when the qubit is a composite system composed of sev-
eral subsystems, Lande´ g-factor (g = γh¯/µB, where
3µB is the Bohr magneton) can have different values de-
pending on the combined angular momentum quantum
number. Hence we denote the gyromagnetic ratios of
|↓〉 and |↑〉 by γ↓ and γ↑, respectively. Assuming that
the two interacting qubits are the same physical sys-
tems (here we are not concerned with the quantum me-
chanical exchange symmetry of identical particles since
the two qubits are well separated in space), the four
eigenvalues of the above computational basis are given
by λ1 = −ηγ2↓h¯2J2, λ2 = λ3 = −ηγ↓γ↑h¯2J(J + n), and
λ4 = −ηγ2↑ h¯2(J + n)2, respectively.
The matrix representation of the time-evolution oper-
ator UˆI(t) = exp(−iHˆIt/h¯) becomes
UˆI(t) =


e−iλ1t/h¯ 0 0 0
0 e−iλ2t/h¯ 0 0
0 0 e−iλ3t/h¯ 0
0 0 0 e−iλ4t/h¯

 . (4)
If we denote each diagonal term as eiφk with k = 1, ..., 4,
φ = φ4 − φ3 − φ2 + φ1 is only meaningful because there
is a global phase and trivial single particle phases which
can be undone by single-qubit operations [11]. Simple
algebra gives φ = ηh¯[γ↑(J + n)− γ↓J ]2t, and this plays
the role of a controlled-phase. At a time satisfying φ = π,
Eq. (4) becomes a controlled-Z operator, a typical two-
qubit entangling gate. Hence, the required time for the
controlled-Z gate is
tCZ =
2π2d3
µ0h¯[γ↑(J + n)− γ↓J ]2
. (5)
If one can adopt a large n, it is advantageous to shorten
the gate time, as far as one can perform single-qubit gates
between |J, J〉 and |J + n, J + n〉. It is noticeable that
our entangling gate does not need any laser field during
the gate operation. Only approaching the two magnetic
dipoles is enough.
In order to turn off the interaction, it would be enough
to separate the two magnetic dipoles. If qubits are made
of ions trapped in an ion trap, it is possible to control the
distance between the qubits; separation and recombina-
tion of two ions has been demonstrated in an array of
micro traps [12]. In an optical lattice, distance between
the qubits is controllable although not completely sepa-
rable [13]. Interaction of solid state systems such as color
centers in diamond would be impossible to turn off.
V. EXAMPLE 1: ROTATIONAL STATES OF
MOLECULAR IONS
Now we examine the feasibility of our two-qubit opera-
tor scheme by considering a realistic system. We present
a detailed analysis for rotational states of molecular ions
trapped in an ion trap. A rotational state of a linear
molecule is a kind of orbital (spatial) angular momentum
states that has multiple angular momentum quantum
number. Hence a rotational state of a linear molecule
can be a suitable system to apply our scheme. Combined
with already established schemes of state preparation,
single-qubit operation, and qubit readout in an ion trap
setup [14], our two-qubit operator scheme would satisfy
the full set of quantum information processing. Unfor-
tunately, however, our analysis shows not-so-encouraging
result, which means that magnetic dipole-dipole interac-
tion between two molecular rotors is too weak to perform
a two-qubit gate, especially a controlled-Z gate. In spite
of this, we present the detailed analysis with the hope
that it might give us some guidelines on pursuing other
physical systems.
For rotational states, qubit levels are chosen as |↓〉 ≡
|0, 0〉 and |↑〉 ≡ |2, 2〉, that is, |↓〉 is the rotational ground
state and n = 2 is chosen. The reason of choosing n = 2
is that single-qubit operations can be easily done by two-
photon rotational Raman transition with selection rules
∆J = ±2 and ∆M = ±2 for nonpolar linear molecules
[9].
We investigated many kinds of molecules to find a suit-
able one for our scheme. As mentioned above, we are con-
sidering ionic molecules trapped in an ion trap because
trapped molecules can be manipulated reliably. Param-
agnetic molecules are not suitable because their param-
agnetic moment is several thousands times bigger than
the rotational magnetic moment so that it causes un-
wanted magnetic interaction [9]. Polar molecules are also
excluded since the decoherence time of rotational states
of them is only about 0.1 s [15]. Among nonparamag-
netic nonpolar molecular ions, high-γ (gyromagnetic ra-
tio) molecules are preferred to have large rotational mag-
netic moments in order to get interactions strong enough.
We suggest, as an example, BH+2 for a suitable one which
has γ↓ = γ↑ = −3.8× 107 rad/(s · T) [16].
Now we estimate the interaction time for controlled-Z
gate in a realistic situation using BH+2 . As expressed in
Eq. (5), the remaining parameter is the distance d be-
tween two molecular ions. In ion traps, although typical
distance between ions is of order 1 µm, it was reported
that an ion trap was designed to approach ions to a dis-
tance of d = 0.1 µm [17]. Assuming this distance, BH+2
takes tCZ = 26010 s to achieve the controlled-Z gate.
This operation time is too long to be a practical gate.
Since we took an extreme distance hard to achieve in an
ion trap and chose a high-γ molecule intentionally, we
conclude that the rotational states of molecular ions are
not suitable for our scheme to be applied.
VI. EXAMPLE 2: HYPERFINE STATES OF
ATOMS
Hyperfine levels of atoms in the electronic ground state
have plural angular momentum quantum number F com-
bined by the electronic spin and the nuclear spin. Here
we conduct a concrete analysis by choosing a particu-
lar atom 87Rb trapped in an optical lattice [18]. As
4FIG. 2. Hyperfine level structure of the electronic ground
state 52S1/2 of
87Rb. Qubit levels consist of the two highest
magnetic quantum number states.
shown in Fig. 2, we choose qubit levels such that |↓〉 ≡
|F = 1,mF = 1〉 and |↑〉 ≡ |F = 2,mF = 2〉. Lande´ g-
factor of the F = 1 states is−0.5 and that of F = 2 states
is 0.5, which correspond to γ↓ = −4.4× 1010 rad/ (s · T)
and γ↑ = 4.4 × 1010 rad/ (s · T), respectively. Note
that this value is thousands times bigger than that of
the molecular rotors. If the distance d between the two
87Rb atoms is 1 µm, the controlled-Z gate time will be
tCZ = 8.5 s by Eq. (5). If d = 0.1 µm, tCZ = 8.5 ms.
The decoherence time of the hyperfine levels of 87Rb in
an optical lattice reached 21 s [19], but their qubit levels
were |↓〉 ≡ |F = 1,mF = 0〉 and |↑〉 ≡ |F = 2,mF = 0〉
different from our choice. Despite such difference, we
expect that our qubit levels can also achieve a enough
coherence time longer than tCZ . It needs further study
for the decoherence time of our qubit levels.
Ionic atoms such as 9Be+ also have a good hyperfine
level structure [20] that can be adopted to our scheme.
The analysis should be similar to 87Rb. The only differ-
ence is that ion trap is used instead of optical lattice for
trapping. In both optical lattices for neutral atoms and
ion traps for ions, state preparation, single-qubit opera-
tion and qubit readout could also be done by the well-
developed techniques manipulating hyperfine levels.
VII. EXAMPLE 3: NITROGEN-VACANCY
CENTERS IN DIAMOND
Now we consider nitrogen-vacancy (NV) centers in di-
amond. A big advantage of NV centers is that they can
reside very closely [21, 22]. d = 10 nm has been realized
experimentally [21]. Qubit levels are chosen as shown in
Fig. 3. |↓〉 ≡ |1, 1〉 is one of the ground triplet state whose
g-factor is 2.3 [21], and |↑〉 ≡ |0, 0〉 is the intermediate
state whose g-factor is zero because it is a singlet state.
With these values and d = 10 nm, we get tCZ = 3.6 µs
by Eq. (5).
Unfortunately, the lifetime of the intermediate singlet
state, i.e., |↑〉, is about 0.3 µs [23]. Thus, our choice of
FIG. 3. Energy level structure of the nitrogen-vacancy cen-
ter comprising ground state and excited state triplets and an
intermediate singlet state.
qubit levels in NV centers would hardly achieve a high-
fidelity two-qubit gate. However, it would be worth inves-
tigating other kinds of color centers in diamond whether
some of them would be adoptable to our scheme.
VIII. CONCLUSION
We have shown that, if qubit levels are chosen among
the highest magnetic quantum number states of an an-
gular momentum system, magnetic dipole-dipole interac-
tion becomes exact Ising interaction without any approx-
imation. The highest magnetic quantum number states,
|J, J〉 and |J + n, J + n〉, are not necessarily confined to
orbital angular momentum. A combined spin system
produced by addition of two spin systems can also be
adopted. Thus, our scheme of two-qubit operation could
be applied to a variety of physical systems. As realistic
examples, we have analyzed the feasibility of our scheme
on the rotational states of molecules, hyperfine states of
atoms, and electronic states of nitrogen-vacancy centers
in diamond. Although we have provided rough estima-
tions, we have gained some guidelines for searching phys-
ical systems to which our scheme is applicable. The cru-
cial parameters are the distance d and the gyromagnetic
ratio γ in order to get the Ising interaction strong enough
to achieve the controlled-Z gate operation. If the dis-
tance between the two magnetic dipoles approaches 10
nm, the controlled-Z gate operation can be achieved in
an order of microsecond. It is expected that this study
would stimulate more detailed analyses on various phys-
ical systems.
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